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Abstract

The ligand binding problems on two-dimensional ladders, which model many important binding phenomena in
molecular biology, are studied in details. The model is represented by four parameters, the interactions between
ligands when bound to adjacent sites on opposite legs of the ladder (7), the interactions between bound ligands in the
longitudinal direction of the ladder (o), the number of binding sites that are covered by a bound ligand (), and the
intrinsic binding constant (K). The partition functions of ring ladders are approached with the transfer matrix
method. A general relation is derived which connects the partition function of a linear ladder with that of a ring
ladder. The results obtained apply to the general situation of multivalent binding, in which m > 1. Special attention is
paid to the case where the ligand covers one site (m = 1). In this case explicit formulas are given for the partition
functions of ring and linear ladders. Closed-form expressions are obtained for various properties of the system,
including the degree of binding (6), the midpoint in the binding isotherm (1 /), the initial and end slopes of the
Scatchard plots (20 +7— 4 and —o 27, respectively). From these closed-form formulas, ¢ and T may be extracted
from experimental data. The model reveals certain features which do not exist in one-dimensional models. Using the
general method discussed in [1], the recurrence relation is found for the partition functions. The analytical solution
found for this model provides test cases to verify the numerical results for more complex two-dimensional models.
© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

Non-specific ligand binding, including protein—
nucleic acid interactions, plays important struc-
tural and regulatory roles in various critical bio-
logical processes. These systems include
histone—DNA complexes, protein binding to hep-
arin, and protein binding to protein filaments
(troponin—actin complexes, tropomyosin—actin
complexes, etc.). The non-specific protein—nucleic
acid interactions have received wide attention,
not only because some of these interactions are
directly involved in gene regulation, such as E.
coli lac repressor, but also because the non-
specific binding sites compete with those specific
binding sites [2]. The understanding of non-
specific interactions will enhance the understand-
ing of protein—nucleic acid interactions in general
and enrich our knowledge of specific binding. To
understand these non-specific binding pheno-
mena, quantitative measurements of the binding
parameters involved are often required to distin-
guish competing models of the processes. Usually
those binding problems are modeled by one-
dimensional homogeneous lattices [3—8]. In such
models, three thermodynamic parameters are
used to describe the binding process: m, the
number of binding sites covered by a bound lig-
and; o, the unit-less cooperativity parameter,
which specifies the nearest-neighbor interactions
of bound ligands; and K, the intrinsic binding
constant of the ligand for the transition from free
state to bound state at each binding site, usually
expressed in the unit of M~' by mass-action
equation if the free ligand and binding sites are
expressed in molar concentrations. o is the equi-
librium constant of moving a bound ligand from
an isolated site to a site which has one nearest
neighbor occupied by another ligand. ¢ > 1 indi-
cates that the interaction between the two bound
ligands is favorable energetically, o < 1 indicates
negative cooperativity, and when o =1 there is
no cooperativity. Although many systems have
been investigated with this traditional model, the
essential nature of the binding process under
investigation may not be described adequately by
the model due to its intrinsic simplicity. The
model has been extended to include bidirectional
cooperative binding [9], to include cooperativity

longer than the nearest-neighbor interactions
[4,10], and to treat the ‘piggy-back’ binding prob-
lem, in which the binding of a bigger ligand is
modulated by the binding of a smaller ligand [11].
In this paper we extend the one-dimensional
model to a two-dimensional ladder lattice model,
and introduce another unit-less cooperativity
parameter T to specify the interactions between
the bound ligands in different legs of the ladder
(Fig. 1). Strictly speaking, the model is not truly
‘two-dimensional’ as the term is used in statistical
mechanics literature, in which two-dimensional
models usually mean that both dimensions have
infinite sizes. The interaction along the other
direction in the ladder model, however, gives the
model a more realistic representation of many
non-specific binding problems in molecular bi-
ology, such as the interactions between proteins
and double-stranded nucleic acids. It should also
be pointed out that in statistical mechanics, the
behaviors of the models in the thermodynamic
limit (i.e. when the number of sites in the model
goes to infinity) are often more relevant for the
investigation. In relation to the biological prob-
lems, on the other hand, the system under study
is usually of finite size. For the infinite system,
many techniques exist to simplify the model. For
example, many properties of the system can be
solely determined by the largest eigenvalue. Also,
in such infinite systems, the properties of the
system are not sensitive to the boundary condi-
tion, such as the often imposed periodical
boundary condition where the first site and the
last site are connected together. To study finite
systems, we have to know the partition functions
explicitly, or the knowledge of all eigenvalues. In
addition, the effects of the boundary condition
(end effects) may not be ignored [7]. In this paper,
we will obtain the partition functions of finite
systems by using the transfer matrix method for
general m, and give explicit expressions of the
partition functions for m = 1. A general relation
is also obtained to calculate the partition func-
tions for linear ladders from those of the ring
ladders.

In Section 2, the binding on the ring ladders
are approached with transfer matrix method. A
general relation is derived in Section 3 which
connects the partition function of a linear ladder
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Fig. 1. The ladder lattice model. The ligands covers m sites
on one leg when they bind to the ladder (here m = 2). The
interactions between ligands bound on adjacent sites of the
two legs are represented by T, and the interactions between
nearest-neighbor ligands bound on one leg are represented by
o. The circled sites are used to explain the construction of the
transfer matrix. The circled site on the left is in the state of ¢;
the one on the right is in the state of c,. See text for details.

with that of a ring ladder. The results obtained in
these two sections apply to the general situations
where the ligands have an arbitrary size of m.
The rest of the paper is devoted to the important
special case of m = 1. Explicit formulas of parti-
tion functions and binding isotherm are derived
for finite and infinite length ladders. Recurrence
relations for the partition functions are developed
using the general theory developed in [1].
Closed-form expressions of important properties
of the binding system are given for the binding
isotherm and Scatchard plots, from which rele-
vant binding parameters can be extracted from
experimental data.

2. Partition functions of ring ladders

The transfer matrix method [8] provides a con-
venient way to handle the partition functions of a
small system if the boundary condition is im-
posed, i.e. the system is constructed to have the
first and last sites connected. In this section we

will use the transfer matrix method to obtain the
partition functions of the ring ladders, and in the
next section (Section 3) we will develop a formula
to obtain the partition functions of linear ladders
for different m values from those of ring ladders.
Transfer matrices for different m will be pre-
sented in this section. It turns out that they can
be expressed in a rather compact form by using
the transfer matrices for the one-dimensional lat-
tices [9,12]. To simplify the notations, the intrinsic
binding constant K and the ligand activity x are
merged to define a scaled activity variable w = Kx.
In the following  is used throughout instead of
K and x. Let’s first consider the case of m = 1. In
this case, for each site j and its adjacent site j' on
the other leg of the ladder, there are four binding
configurations: {c,c,}, {c,co}, {cocy), and {c,c;},
where we use ¢, to denote an empty site and ¢, a
bound site. The neighbor sites next to j and j’
along the longitudinal direction of the ladder,
sites j + 1 and (j + 1), also have these four bind-
ing configurations. These configurations de-
termine the 4 X 4 transfer matrix for m = 1:

1 1 1 1
® ow ) ow
U, ) ) ow ow ey

Here we assign each row for the configurations of
sites j and j’, in the order of {c ¢}, {c,¢c,}, {cocy)s
and {c,c,}, and assign each column for the con-
figurations of sites j + 1 and (j + 1)’, in the same
order. The w and o are assigned to site j or j’,
that is, when site j or j' is in ligated state, an o is
assigned; when j and j+ 1, or j' and j+ 1', are
in ligated state, a o is assigned to the matrix
element. When both sites j and j' are in ligated
state, a T is assigned. This assignment is not a
unique assignment; alternative assignments are
also possible [8].

For the general case, each site j on the ladder
has m + 1 configurations, so does the adjacent
site j' (see the case for m = 2 in Fig. 1, where the
sites under consideration are circled). In addition
to the empty configuration ¢, there are m-ligated
configurations that depend on which part of the
ligand the site has contact with. Imagine the
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ligand moving upward along the ladder. When it
first reaches the site under discussion (circled
sites in Fig. 1), we assign ¢, to the configuration
(the ligand on the left side of the ladder in Fig. 1).
As it continues to move up one ladder site, we
assign ¢, to the configuration (the ligand on the
bottom right side of the ladder in Fig. 1). Hence
for a pair of adjacent sites j and j', there are
(m + 1) possible configurations. The pair of cir-
cled sites in Fig. 1 is in the configuration {c,c,},
while the pair of sites above them is in the
configuration {c,c,}. These configurations de-
termine a (m + 1)* X (m + 1)* transfer matrix for
a ligand of size m. For m = 2, the transfer matrix
is given by

U,=
1 0 1 0 0 0 1 0 1]
w!/? 0 cwl/? 0 0 0 w!/? 0 col/?
0 /2 0 0 0 0 0 /2 0
w!/? 0 w!/? 0 0 0 cwl/? 0 col/?
Tw 0 oT® 0 0 0 oTO 0 o210
0 T® 0 0 0 0 0 oTW 0
0 0 0 o/2 0 o/ 0 0 0
0 0 0 T® 0 oTo 0 0 0
L O 0 0 0 To 0 0 0 0

2)

Here again we use rows for the sites j and j’,
and columns for the sites next to them, sites j + 1
and j + 1'. The order of configurations is: {c,c,},
{cico), {eyegd, {egeid, {ejeid, {eyeyd, {egey), {egey),
and {c,c,}. Since each ligand covers two sites,
w'/? is assigned when one site is ligated. The
zeros in the matrix arise from impossible situa-
tions or the fact that a particular site can only
have one bound ligand. For example, U,(1,2) =0
indicates that it is impossible for sites (j,j') in a
configuration {c,c,} while sites (j + 1, j +1') has
a configuration {c,c,}; U,(2,2) =0 indicates that
site j cannot have two ligands bound at the same
time. Also notice that except when either site j or
site j’ is in the empty configuration ¢, a factor v
will be assigned to the matrix elements.

It is evident from Egs. (1) and (2) that in the
general situation for arbitrary m, the transfer
matrix can be written in a compact form as

U,=T, (W, ®W,) 3)

where T, is a (m + 1)> X (m + 1)* diagonal ma-
trix

T, =

1

m+1
m+1

m+1

L m+1 {4+ 1)2% (m + 1)

4

in which 7,,, is a (m+1)X(m+1) identity
matrix and ¢, , , is defined as

1

TAm+Dx(m+1)

W, in Eq. (3) is the transfer matrix for the
binding of ligand with size m on a one-dimen-

sional ring lattice [9,12]

m
[ 1 0 0 0 1]
wl/m 0 0 0 cwl/™m
0 wl/m 0 0 0
0 0 w!/m 0 0
L 0 0 0 (”]/m 0 dAm+Dx(m+1)
(6)
The matrix direct product A4,,,, ® B, »,» used
in Eq. (3) is defined as
Aan ®Bm’><n' =
[ayB a,B .. a,B]
ap,B a,B .. a,,B
@)
_amB a,,B .. amnB_mm’Xnn'
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When one goes from lower dimension to higher
dimension, it is not uncommon to see the involve-
ment of matrix direct product in the transfer
matrix, such as in the study of the helix-coil
transition coupled to dimerization of peptides [13].
The partition function *¥,,, of a ring ladder with
length of n is expressed as [8]

f,, =TrUm. ®)

When there is no cooperative interaction between
the two legs of the ladder, T = 1. In this case 7,, is
an identity matrix, hence from Eq. (3) we have
Uu,=w,®W,. Using the theorem of direct
product (4 ® B)XC ® D) = (AC) ® (BD) and
Tr(A ® B) = TrA X TrB, it can be seen that the
partition function of a ring ladder of length # is

f, = Tr(Um = Tr(W) @ W)
= (Tr (W) =R, )

where *®, is the partition function of a one-di-
mensional ring lattice with the ligand size of m.
This result is expected from the physical nature of
the problem: the two legs of the ladder is inde-
pendent of each other when there is no co-oper-
ativity between the ligands bound on different
legs. When T is arbitrary, the partition function
Ry, is a complicated function of *®. From U,
we can easily get the partition functions for the
ring ladder by using Eq. (8). Some of the partition
functions for small m and n are listed in Ap-
pendix A.

3. Relation between linear ladder and ring ladder

In this section we will find a relation between
the partition functions of linear ladders and ring
ladders. This is the generalization of the equation
we derived in an early paper for the multivalent
binding in one-dimensional lattice [Eq. (2) in Di
Cera and Kong [12]].

If we denote X, as the possibility that the jth
site in the ring ladder of length #» is bound and
X j ) as the possibility that both site j and site j’
are bound (here j' is the adjacent site of j on the
other leg of the ladder), we have the following

relations [12,14]

1,R
)(j(n) = wR \Pj(n) (10)
\P(n)
LRy
J>J'(n)
Xjjom = Ry : an

(n)

Here we use the same nomenclature as in Di
Cera and Kong [12]. 1’R‘I'j(n) is the contracted
partition function for a ring ladder of length »
(totally 2n binding sites) with site j fixed in lig-
ated configuration. It describes all the possible
configurations of the 2n — 1 sites other than site j
of a ladder of length n with site j kept ligated.
"Ry, ., is the contracted partition function for
a ring ladder of length »n with sites j and j’
ligated, which describes all the configurations of
the other 2n-2 sites. Since the ring ladder is
homogeneous, and the expected number of bound
ligands is expressed as [8]

kv

_ w (n)

L= Ry e (12)
()
we have
R

X, =2 _me (13)

i 2n an\p(n) dw
Similarly, using the same reasoning, we have

kv

X, — (14)

J>j'(n) nR‘I’(n) o7
The site j in the above equations is quite ar-
bitrary. The homogeneity of the ring ladder makes
the equations applicable to every site in the lad-
der. Now we assign j=mn. If we contract the
contracted partition function W, - again at site
n', the site adjacent to site n on the other leg, we
get

Mg =10 (15)

n,n'(n

)T TR

n,n'(n)>

where '"fW, ., is the contracted partition func-

tion for a ring ladder of length n with site j
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ligated and site j’ unligated. Dividing Eq. (15) by
®y,, and using Egs. (10) and (11), we have

wlO,R\I,

n,n'(n)
Xion = Ry

(n)

X -

(16)

Rearranging Eq. (16) and substituting X, and
Xy With Eq. (13) and Eq. (14), we obtain

f,
10,R _ ) _
v ()T (Xj(n) Xj,j’(n))

n

R R
m 0"V, T 0T,

=n de en or a7

If we contract the partition function at sites n
and n’ at the same time, we have

R __00,R 10,R 01,R
Wy =" Wiy T 0 W iy 0
+ szll’R\I’n’n,(n). (18)
. 10,R _0L,R 00,R
Since \I,n,n’(n) = \I,n,n’(n) and q,n,n’(n)’ the

contracted partition function for a ring ladder of
length n with sites n and »’ unligated, is equal to
r W, 1), the partition function for a linear ladder
of length n — 1, we get

oRwp 27 IR
Ry _L mo m 27 (n)
Vo ="Vt Ty

Jw n aT

2_11,R
+ o T W,

(19)

From Egs. (11) and (14) we have '“*w¥, . -
Ry,

= (’1—(102) aT(n) . Substituting this result into Eq.

(19), and rearranging, we finally obtain

R R
Ly ey _mo "V 10 20)
(=D T p Yo no ot

This is an equation that expresses the partition
function of a linear ladder of length n —
1 2(n —1) binding sites) with that of a ring
ladder with length n (2n binding sites), as well as
its derivatives with respect to o and T, which
parameterize the nearest-neighbor interactions of

the ligands bound along two different directions
on the ladder. Using this equation, we can get the
partition functions of the linear ladder from those
of the ring ladders. Some of the partition func-
tions of the linear ladders for small m and n are
listed in Appendix B using the partition functions
for ring ladders from Section 2, which are listed
in Appendix A.

4. Finite ring and linear ladders when m =1

The results obtained in previous sections apply
to the general case of arbitrary m. In this section
the important special case m =1 will be dis-
cussed. When m = 1, we can find explicit expres-
sions for the partition functions of ring and linear
ladders of any length since the eigenvalues of the
transfer matrix can be solved analytically.

4.1. Explicit expressions for finite ring and linear
ladders when m = 1

The characteristic polynomial of transfer ma-
trix U; [Eq. ()] when m =1 is given by
N-Ul =(\+w—-0cw)
XN = (0?10’ + 00 + o + 1N
+ (0 —Dol(c?tw’+ 100 + T + 1A
—1(o - 1’wd). 1
One of the four eigenvalues of U, is A, = (o —

Do, and the other three \;, i = 1,2,3 are the roots
of the cubic equation

N+aNl+bh+c=0 (22)
where

a=—(c’t0’+ow+w+1) (23a)
b=(c—Do(c*r0’+1700 + 10+ 1) (23b)
c=—1(c—1)w? (23c)

In this case Eq. (22) has three real roots, and
the solution can be expressed in trigonometric
terms so as to avoid the complex cubic roots in
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the Cardano’s solution. The solutions of Eq. (22)
are

A, = —2Va cosy — % (24a)
A, = 2\/acos(y + %) — % (24b)
)\3=2\/Ecos(y—%) —% (24¢)
where

«=3%- ) (252)
B=%(22—a73—%+c) (25b)
v = %cos‘1 % (25¢)

Since we have all the four eigenvalues, the parti-
tion function of the ring ladder of any length n
can be evaluated by

Ry _
Wi =

L

gl

N (26)

0

From Eq. (26) we can see that the partition
functions of ring ladders obey a recurrence rela-
tion with an order of 4. For linear ladders, the
partition functions are given by Eq. (20) with
m=1 as

R
Ly  _Ryp _L%
m ™ Fo+h oz 4] dm
R
+ T d q,(n+1)
n+1 oT

¢\, 27)

where ¢; =\, —o(\'), +7(\',), is independent
of n.! Here (\'))o = d\,/dw and(\' )7 = O\, /0.
It is evident from \;=(o— Dw that c,=0.

Hence for the linear ladder we have

3
", = Y eN (31)
i=1

The same result for the linear ladder can also be
obtained using the general method derived in [1].
The next subsection will discuss the use of this
method.

4.2. Recurrence relation for linear ladder when m = 1

When m =1 we can get a recurrence relation
for the partition functions of finite linear ladders
using the general methods discussed in [1]. In this
case there are only two ligated configurations,
one is the singly ligated configuration with one of
the sites in a rung ligated, and the other doubly
ligated configuration. The recurrence equation is
given by

L L
Y,y =(c’10’ +oo+o+1)¥,

—w(oc—D(o*10*+0T0+T0 + 1)
3
XLW(n72)+ (o =D 1Y, ,. (32)
Clearly from this recurrence relation we can
get the same explicit expression for the partition

functions of linear ladder of any length n as Eq.
(31). The method in [1] not only gives the recur-

"The other way to see that the coefficients ¢; in Eq. (27)
are independent of n, is to use [15].

Lllj(n) =E1Urz+1Er (28)
E, =[1,0,...,0] (29a)
E, =[1,0,...,0]' (29b)

Since Um = TAT !, where

A= , (30)

we have L\If(,,) =ETA""'T71E,. The coefficients ¢, are de-
termined by the elements of matrix 7, which are not depen-
dent on n.
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rence equation, but also the contracted partition
functions:

11,L _
\Irn(n) -

o'V, —o(ow+ 1)1‘\1’(”_1) + w(o — 1)2L\If(n_2)
(too+ Do

(33)
10,L .
\Ifn(n) -

L\I’(n) + (027w* — 1)L‘If(n_ B~ T0* (o — 1)2L‘If(n_2)

2(tow+ 1w
(34)

From the recurrence relation [Eq. (32)] and using
the partition functions listed in Appendix B for
small » as the initial conditions, we can get the
generating function for the partition functions of
linear ladders as

G(2)= ) L\I’(n)z”
n=0

1-w(c—D(wto+1+ w1)z
_ +1(0 — 1) w22
1-(oo+o*to’+o+Dz+olc—1)
(0270* + w10 + 1+ 01)2% — (0 — 1) 0’23

(35)

which can be expanded in series to generate
L\I'(n).
4.3. Special cases regarding co-operativity for linear
ladders when m = 1

In this subsection some special cases regarding
the values of ¢ and 7 will be discussed.

431 o=1

In this case there is no cooperativity in the
longitudinal direction of the ladder. From Eq.
(35) we can see that if o =1, the generating
function reduces to

= 1
G(z)= Y "¥, 2" = :
(z) n§0 (m? 1- (o’ +20+ 1)z
(36)

from which we can get
L\I’(”) =(t0?+ 20+ l)n

S Y X () 37)

i=0j=0

This equation can also be derived readily from
Eq. (24), since two of the three eigenvalues will
vanish, and the remaining one will be \; = T0? +
2w+ 1.

If we let =1 in Eq. (37), we obtain

", =+ 0) (38)

which is expected. From Eq. (37) we get the
fraction of occupied sites (degree of binding) as

’ T’ +20+ 1

2n  dlnow
(39)

which is independent of the length of the ladder.
This is not surprising since there is no cooperativ-
ity in the longitudinal direction. No matter what
is, the binding isotherm is the same for ladder of
any size, including the infinite ladder. This can be
easily checked from Eq. (47), discussed in Section
5.

432 1=1

When 7 = 1, the partition function is the square
of the partition function of the one-dimensional
linear chain, as discussed in Section 2. In this case
the problem reduces to the one-dimensional
problem.

44. =0

When 1= 0, the two adjacent sites on one rung
of the ladder can not be occupied at the same
time. In this case, A, =0, and the characteristic
function Eq. (22) is reduced to a quadratic equa-
tion. The two non-vanishing roots are given by
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)\2,3 =

0'w+w+1¢\/(0'0)+u)+1)2—4m(0—1)
2

(40)

The partition function is given by “W¥,,, =c,N} +
c5N4, where ¢; =\, —w(\’),, i =23. The lead-
ing term in "W, is2(r+1)" 'o", instead of
g%~ Dw?" when 7+ 0. The limiting value for
0(w) when o goes to infinity is always 1/2. It
should be noticed that there is certain similarity
between the ladder model when 7=0 and the
general one-dimensional model. Both are gov-
erned by a quadratic equation. For reference, the
characteristic function of the general one-dimen-
sional model is given by

N—-—(co+ DA+ (c—1Dw=0. (41)
44.1. c=0

When o =0 and 1 # 0, the coefficients of the
characteristic function become

a=—(w+1) (42a)
b= —w(to+1) (42b)
c=T10°, (42¢)

hence the secular equation still has three non-
vanishing roots. The leading term of the partition
functions depends on whether 7 is even or odd: it
is T8w* when n=2k—1, and [(k+ Dt*+
2k it" 'w?* when n=2k. When n=2k—1,
there is only one way in which the ladder can be
bound with maximum 2k ligands, i.e. the rungs
1,3,..., 2k—1 have two ligands bound, while
rungs 2,4,..., 2k —2 are empty. The situation
when n =2k is more complicated, since there is
more than one way to bind 2k ligands to 4k
binding sites. The behavior of the binding
isotherm when o goes to infinity is given by

lim 6(w,0=0)

1/2 n =2k, kinterger

= 43
% n=2k—-1 ( )

In this case, the sites can never be saturated, as in

the case when 7= 0, except for n = 1.

5. Infinite linear ladder when m =1

When the length of the linear ladder becomes
large, the largest eigenvalue \; dominates the
expression of partition functions [Eq. (31)], so the
binding isotherm becomes

1 alnL‘I’(n)_ ® O\

e((x)) = lim = 2—)\3 m

The complicated derivative in Eq. (44) can be
avoided in the following way. If we take derivative
of Eq. (22) with respect to w, we get

3NN 4+ QarN +a'N) + (BN +Db'N) +¢' =0

(45)
where \' = LIS and
Jw
g’:a—az —0—-20%t0—1 (46a)
da
, adb 2.2
b =%=(0—1)(30 Tw’+ 2010+ 1+ 20T)
(46b)
c'= g_(f) = —37(c - 1)’ 0’ (46¢)

From Eq. (45) we can solve \'; and after sub-
stituting it into Eq. (44), we obtain
w(a’\y+b'\;+c¢)
2(aN5 + 2b\5 + 3¢)

0(w) = 47

in which no derivative of A; will be needed.

It can be easily shown that as in the one-di-
mensional Ising model, no ferromagnetism exists
in the ladder. In order for the ferromagnetism to
exist, the second dimension also has to go to
infinity.

0(w) in Eq. (47) increases from zero when
w=0, to 1 as o approaches infinity. The point
when 6(w) = 1/2 is where half the sites are occu-
pied by ligands and half the sites are empty. If we
put 6 (w)=1/2 in Eq. (47), we can find
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o 1 hes infinity. In thi =1/(c+1)
= ) 48 approaches infinity. In this case, w=1/(o
=172 Vio (“48) when o =1/4.

When 1 =0, the limiting value for 6 is 1/2 as

(a) o=5

Fig. 2. Scatchard plots for infinite linear ladder when m = 1 with different o and . In each figure 7 takes values of 0, 0.5, 1, 2, and
5,a:0=5b,o=2;c,0=1;d,0=0.5;and e, 0 =0.
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(c) o=1

Fig. 2. Continued.

5.1. Scatchard plot in which 6/ is plotted against o [5,6]. In simple
case the Scatchard plot yields a straight line. For
One of the most often used graphic representa- multivalent binding on one-dimensional lattice, a

tions of experimental data is the Scatchard plot, closed-form formula was developed [5] and its
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o=0

Fig. 2. Continued.

properties were characterized [5,6,9,12]. The
Scatchard plots for infinite linear ladder when
m = 1 with different ¢ and 7 are shown in Fig. 2.
From these plots we can see several features
which do not exist in one-dimensional Scatchard
plots. For one-dimensional lattices, a maximum in
Scatchard plot implies that the system is posi-
tively cooperative with o >3/2 [5,6]. For the
binding on a ladder, the cooperativities in two
different directions compensate each other so
that even when one cooperativity is negative, the
other cooperativity still can generate a Scatchard
plot with a maximum. Also we can see the inflec-
tion point in a Scatchard plot of two-dimensional
ladders, which confirms the conclusion in Schwarz
[6] that such inflection indicates complex binding
mechanism involving at least two antagonistic
cooperative interactions.

From Fig. 2 we can see that when o =1, the
Scatchard plot is a straight line when =1 or
7=0. When 7=1, from Eq. (39) we can obtain
6/w =1 -0, which gives a Scatchard plot with a
slope of —1. When 7 =0, from Eq. (39) we obtain
0/w=1—280, which gives a Scatchard plot with a
slope of —2.

The beginning and end slopes of Scatchard

plots for one-dimensional lattices are investigated
in [5,6]. For the ladders, from Eq. (47) we have
both 6 and 6 /w as functions of w, hence we can
calculate the slope of the Scatchard plots for the

ladders as
9 (8
o\ w

aa_e(%)=T (49)

o
From Eq. (49) we have the beginning slope as
So=20+1—4 (50)
and the ending slope as
S, = —o’T. (51)

Eq. (50) can also be obtained by the more intu-
itive method used in [5] for the one-dimensional
lattices. When 1=1, Eq. (50) reduces to the
one-dimensional result 20 —2m — 1 with m = 1.
From Egs. (50) and (51) we can see that when
20 + 7> 4, the Scatchard plots will have a maxi-
mum. In this case, the slope of Scatchard plots
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changes from positive to negative, with a point in
the middle where the slope is zero and the curve
reaches the maximum. Eq. (51) needs special
treatment when 1=0 or ¢ =0. When 7=0, the
ending slope is given by

2
s.(r=0)= -t (52)
and when o = 0, the ending slope is
SLo=0)=
2Wr(—vVr)/A+Vr), ifr>1;
1 , (53)
7(7—1), if T<1.

From Eq. (53) we can see that S (o =0) van-
ishes only when =1, and has finite negative
values when 7>1 or 7<1. This is reflected in
the crossing over of the Scatchard plots shown in
Fig. 2. Egs. (48), (50) and (51), as well as those for
special cases, can be used to deconvolute the
interaction parameters T and o from experimen-
tal binding data.

6. Discussion

In this paper we extend the traditional one-di-
mensional lattice model with three parameters
(K, m and o) to two-dimensional ladder models
with four parameters (K, m, o and 7). The model
gives more detailed descriptions of the biological
binding processes such as the interactions between
proteins and double-stranded nucleic acids. The
extra cooperativity parameter gives more flexibil-
ity to describe the ligand interactions in different
directions. The binding isotherm reveals certain
features, which cannot be modeled by the one-di-
mensional lattices. One prominent feature is that
even when o =0 or T =0, the Scatchard plots will
show a maximum as long as 2o + 7 > 4 holds (for
m = 1) (Fig. 2a,e). A maximum in Scatchard plots
usually signifies positive cooperation in one-di-
mensional model [5,6]. In the ladder model, the
maximum can show up when the interaction in

one dimension is infinitely negative and that in
the other direction is finitely positive. Preliminary
data fitting experiments also show that while it is
possible to find a reasonably good fit to binding
curves of the ladder model by the binding curves
from the one-dimensional model when the
cooperativity in both directions are positive (o > 1
and 7> 1), it is impossible to find a one-dimen-
sional binding curve to fit the binding curves from
the ladder model when the cooperativity in one
direction is positive and that in the other direc-
tion is negative (data not shown).

The parameters of the model can be extracted
by full-range curve-fitting to experimental data
using the explicit formulas provided, or can be
estimated by using the closed-form formulas for
the special properties on binding isotherms and
Scatchard plots.
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Appendix A. Partition functions for ring ladder

In this Appendix we list the partition functions
of ring ladder for some small 7, the length of the
ring ladder, and small m, the size of the ligand.
The interactions between ligands on one rung of
the ladder are represented by T, and those within
one leg of the ladder are represented by o. For
m =1, we have

R‘I’(l) =010’ + 20w+ 1 (54a)
R‘I’(z) =¢'7t’0w* +40%10’

+2(r+ o+ Do’ +40+1 (54b)
R‘I’(3) =0%t3w® + 60*1%0 + 310% (7 + 20 + 2)0*

+20(67+ 0%+ 3w’ +3(t+ 20+ 2w’

+6w+1 (54¢)
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For m =2, we have

f =1 (55a)
R‘If(z) =40’1t’0’ +dow + 1 (55b)
f,y =31(1+ 20’ + 6w + 1 (55¢)

'y, =4o'rie + 1607170
+4(1*+ 0+ 27+ Do’ + 8w+ 1 (55d)
R‘I’(s) =56 (1 + Do + 1067Bo + 2o’

+5(72 4+ 27 +20+ 20’ + 100 + 1

(55¢)
and for m =3
o, =1 (56a)
R
\If(z) =1 (56b)
R\l/@ =971%0%w’ + 60w + 1 (56¢)
g, =412 (1+3)0’ + 8w + 1 (56d)
fg = 51(12 + 27+ 2)0? + 100 + 1 (56¢)

R\If(é) =900’ + 360%7w’

+6(T3+21-2+0'2+2T+1)(}_)2"1‘120)"1‘1
(56f)

R‘I’m =717°62(1 4+ 6)o* + 14720 (47 + 3) >

+ 734272427420+ Do + 4o + 1
(56g)

Appendix B. Partition functions for linear ladder

In this Appendix we list the partition functions
of linear ladder for some small n, the length of
the ring ladder, and small m, the size of the
ligand. The interactions between ligands on one
rung of the ladder are represented by T, and
those within one leg of the ladder are represented
by o. For m =1, we have

"W =10’ + 20 +1 (57a)
L‘If(z) =220 +d40T10’ +2(r + o+ Do’ + 4o

+1 (57b)
L\If(3) =730%w’ + 27%6%Qo + Do’

+71Q20’t+ 80+ 1+ 40)w*

+2(4ot+ 0?4+ 27+ 20+ Do’

+B1+40+8)0’ + 6w +1 (57¢)
For m =2,
"y, =1 (58a)
"y =120’ + 20 +1 (58b)
"Wy =21(1+ Do’ + 4o + 1 (58¢)

L\If(4) =gt + 607%0°
+(Br2+ 41+ 20 +2)0’ + 60+ 1 (58d)

L\I’(S) =72(1+ Do? + 20 + 1]

+47[@Br+ Do+ 7+ 1]’
+(4r2+67+40+8)w? +8w+1 (58¢)

For m =3,

", =1 (59a)
fy, =1 (59b)
"y =m0’ + 20+ 1 (59¢)
"y =271+ Do’ +40 +1 (59d)
"W =131 + 41+ 2)0’ + 60 + 1 (59¢)

L\If(ﬁ) =1%20* + 870w’

+2Q27m3 + 317+ 21+ 0+ Do’

+8w+1 (59)
L‘I’(7) =2+ Do’ + 40

+1]o* + 272[2(47 + Do + 27 + 3]0’

+(57° + 872+ 67 + 40 + 8) w?
+ 10w+ 1 (59g)
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